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TECHNICAL MEMORANDUM NO. 742 

SUPPLEMENTAL DATA AND CALCULATIONS OP 
THE LATERAL STABILITY OP AIRPLANES* 
By G-otthold Mathias 



In connection with, the DVL (Deutsche Ver suchsanstalt 
fur Luftfahrt) Report 272 (reference l) on the theory of 
the lateral stability of airplanes, the formal results are 
here amplified in some respects and their technical sig- 
nificance again briefly explained.** Three numerical ex- 
amples show how model tests for checking the lateral sta- 
bility -are to be evaluated and supplemented, if necessary, 
and how the stability limits depend on the design of the 
airplane and on the conditions of flight. 



I. ASSUMPTIONS AND LIMITS OF LATERAL- STA3IL I TY CALCULATIONS 



The DVL Report 272 (reference l) affords a general 
survey of the theory of the lateral stability of airplanes 
for the purpose of giving airplane designers suggestions 
for the technical fulfillment of stability requirements. 
In its essential features the investigation follows the 
lines well known in Germany, especially as given in the 
textbook of Puchs and Hopf . In numerous details, however, 
the adaptation to the flight requirements of the present 
necessitated deviations, especially as regards evaluation 
of the order of magnitude, refinement or disregard of in- 
dividual terms in the equations of motion. 

The customary division of the general motion of an 
airplane into the symmetrical longitudinal motion and the 
un syrametri cal latera.l motion assumes, on the one hand, the 

"Ergr.az-jngen uni 3e r schilling so ei soi ele zur Sei t en stabili- 
tatslehre." Z.P.M., October 14, 1963, -op. 527-2S, and 
October 28, 1233, pp. 553-58. 

**The systems of coordinates, notation, and numbering of 
the formula.s are the spme here an in the earlier report 
(reference l) . 
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disregard of the Influence of v.a.tiat.i.ons-;in- the lateral 
angle and in the rolling and turning velocities on the 
dynamics of the longitudinal motion, and, on the other 
hand, the disregard of the: - influent ; of - the variations 
in the angle of attack, in the forward speed and in the 
tilting velocity on the dynamic's'. .of the lateral motion, 
as likewise the disregard of all gyroscopic effects. 
Calculation and experience.-;.sh:ow- that; these conditions are 
generally "better fulfilled for the longitudinal motion 
than for the lateral motion. Thus the results of a spe- 
cial' Investigation of the' lateral mo tion . yield . a. 1 ower de- 
gree of mathematical" reliability than the, very, satisfact- 
ory -results for- the .purely, longitudinal: mo. t.ion a.s con- 
firmed by exp-eri enbe . • -. ; . ' 
... .... ^ . . 

The existing kn&W'l.-e.dge-. regarding the calculation of 
the static longitudin-alL: st-ability suffices, with some re- 
liability; to control-, the h.ere determining influences and 
to determine in ad.v.an'cS the limiting value s . for . the loca- 
tion of the center of gravity or the size of the horizon- 
tal tail surfaces. As regards' the calculation of the 
' lateral stability, how.ev.er we ,ye.t- have practically no 
knowledge from experience. There are, moreover, very few 
available data from model and flight tests and these are 
mostly of no use for sgeneral- application. For these rea- 
sons numerical coh..si derations regarding lateral stability, 
can yield, for the- rfcijae being, only an estimation of the 
limits and indications- -of the methods to be adopted for ■. 
improving the un-sati s'f ac.tory stability conditions. Any - 
preliminary calculation" o-f -the lateral stability, as in ■ ; 
.the case of. longitudinal stability, is .therefore possible- 
only when suff icient data -from model tests are- available.- 
A-s to the applicability of test results to- other structur- 
al forms -not exactly similar to the models, knowledge can 
be gained from experience only in the course of time. 

In thi'S report- the results of the theory of lateral 
stability: will he supplemented as regards the influence 
of the -absolute airplane dimensions. The technical re- 
sults of the theory. will then be applied to three numeri- 
cal examples for t-he- purpose of showing the way to the 
practical evaluation of the data', obtained,. 
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II. STABILITY COUDITIOITS AND THSIR 3?EPEI>TDEiTC"Hi Off 

1 ... 

THE: A3SOBlTT.i-AIHPT.AWT5 : Ki:i3VSI0HS : .. • 

. i * ■ 

■ • i ■"' '. • • .- • oc. •; • \ •{ *•.>; • ■ .. .-, * - f- ■ -. ^ 

Iri'the' three- lateral •Mflot-i-on::equation'S, .the forces and 
moment s ' can be represented-in. the-form . of simple time fac- 
tors '(see- table- I of BU"L- r Report=:S72.; reference l) , whose 
principal ' component s (in-^- brackets-) consist of nondimension- 
al coefficients and dimensional ratios, nevertheless , the 
influence of the initial flight condition and dimensional 
ratios- of 'the airplane-' ••bri/' the:, course- of ■• .the disturbing mo- 
tion are not yet clearly?- manifest \ .".since' .the mutually de- - 
penden.t quantitie-s v,..^.q, ;;: ._ir/? ; and c a .(or c n in the 

factor' ' fr^ ) b-.ccur -tog-ether .::-v.-The. relation between these 
v ■ ■ > ■ ■ 

four quantities is given by the expressions 

* ■ * 

_q _ co s_ : Pp_ 
■■ . &/.§ - r- 

Hereby the Laws*- of* mo.'ti , on--d&*;ej£m;in;ed-,. : by-, the. time factors 
■can 'be re'f -erried to -the, :in dependent •■ qnani; itie-s ■ v e (or^ G/jT) , 
p/.P- 0 , c a and - co_ s,. ^ln ..the., .t.i.me f. actors we must put 



£ JL_ = JL / cos 9o "p~ 
v G/F _...v € y. a a P 0 

g _q_ = /_g_y cos ^' '_P_ &/g 
b &/F W e / c a P 0 . P 5* b/2 

The influences of the air .-.densit-y .'are ••express fed -..as .-in-de- 
pendenjb f act or. s... in... developed. form, with, the aid of the 
"unit velocity" 

* - " ; : ' *" ' ■ ' ' : 2 'A. ± ' ~ 1 •■ ~ : ' ■'■ 

v- A ■■' v 'e •.~«/.i6o-'®""i .- .• : • f '■-.■-• . 

which depends exclusively on the wing loading of the air- 
plane (contrary to the previous representations in German 



r & "cos^ ^o •' 
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and foreign reports. The ratio can be desig- 

P F b/2 

nated, according to Glauert's method (reference 2), as 
the relative density of the airplane. This quantity rep- 
resents a relation "between the mass of the airplane and 
its dimensions "by taking as the criterion the mass of an 
air prism over the 'wing area of the height of half the 
..wing span. 

Even the lateral-force component of the airplane 
weight due to the lateral inclination (Z a = G cos cp Q \x) , 

which, after division "by the momentum v(G-/g), appears in 
the form (g/v) cos cp Q (j,, can "be transformed according 
to the unitary structure of the other time factors. It is 



7 

g g / cos cp P 

-cos q> 0 = — / — c. 

° c a P Q < 



g ' cos *p P~ 

The Quantity / ^ — 2. — is common to all the time 

^ c a Po 



factors. Its reciprocal value represents a time unit T 
dependent on the wing loading ( v e ) » ^ e initial condition 

(cos <P 0 /c a ) and the air density (p/P 0 )*. Introduction 
of the time unit 



(T -x) . l/^i^] 



makes the phenomena in the disturbing motions directly 
conroarable for different airplanes . 



*p 0 r ££1%. = i and 77- = 1- this time unit (v a /g) is 

c a H o 

the acceleration period from the velocity 0 to v e in 

free fall under the inflixence of gravity. 
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The time factors for the forces and moments according- 
ly receive tne following forms. 



■li = (T -1 ) [c a ].._. [s-i] 

3 T = (I" 1 ) ■■ - [-cV qo ~ + c, n s ¥ + c ^ C"- l 3 



'< - (T S) g P ? b/2 U 



TT A 



3 i c ' 

( b Vl c a » 



-CI" 1 ) ' — /CTa p^T-^ [s " l] 

TT A 



(See table I in reference 1.) 

The , d.e c i di ng coefficients for the stability of the 
di sturbing. motion (differing somewhat from the form in the 
previous report) . ar.e : 
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y 



x y y x 
3 = s„r(kTl.x- - k w l T ) - (*io, 1 t - k T l (0 x ) . tea <p 0 ] 



y 



(21) 



Technically important for the dynamic and static direction- 
al stability of normal flight is only the double condition 



_ D > E > 0 , 

3 



(22) 



in which B and C can always be -assumed to be positive. 

She time factors and the stability coefficients de- 
rived from them consist chiefly of riondimensional coeffi- 
cients which vary little or not at all with the geometrical 
dimensions of the airplane. The aerodynamic coefficients 
are the same for all geometrically similar structures, and 
their variation for differing structures is mostly within 
narrow limits. Even the relations of the radii of gyration 
to the wing spa.n are subject to only slight variations- for 
the same general airplane structure. Great variations are 
due almost exclusively to differences in the power plants 
(one or more engines, mounted low or high) . 



The only direct dependence on the airplane dimensions 
appears in the two time factors of the static stability 
about the vertical and longitudinal axes (l r and k T ), in 

which the "relative density" of the airplane — ; r— 

g P E b/2 

occurs. This quantity (aside from the air density and wing 
loading) depends on the span, i.e., on an absolute dimen- 
sion of the airplane. This dependence is almost meaning- 
less for the dynamic stability conditions, since, according 
to equation (21), the relative density (from ork T ) 
does not occur at all in 3; is mostly subordinate in C; 
and appears in D, E, and R (r*3(GD - 3S) ) as a common 
factor in the main portions. It is nevertheless of great 
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importance for the course of the individual components of 
a disturbing motion, with re'spect to' time. 

The , time' un'i't T 'is likewise important only when the 

■course, .of the motion^ itself is to "be followed under differ- 
ent., as sump 't ions'. Aside from the air density and initial 
condition, it depends only on the unit velocity v e and 
wing .loading, which' varies within the same limits for large 
..and small : ai,rplanes . The time unit therefore has no in-, 
f luence oh the stability conditions. 



.III. TECHNICAL DEBUCTI01TS FROM THE ' STABILITY C0ITDITI03TS 

In sections III and IV of the previous report (refer- 
ence l) , the stabili ty- conditi ons contained in the double 
inequality (22) are thoroughly discussed. From the stand- 
point of the airplane designer, the static lateral stabili- 
ty (E > 0) requires particular attention. The dynamic 
condition (c/B)D > E, on the other hand, is shown to be 
easily fulfilled by positive directional stability. The 
structural means for attaining static lateral stability are 
only briefly presented here according to .the results of the 
deductions in .the previous report (reference l) , since they 
form the basis for the interpretation of the following nu- 
merical' examples. 

Portions of the wing and fuselage - (including -wheels, 
floats, engine nacelles, etc.) play a prominent part in the 
"turn damping" and especially in the 3ta,tic directional sta- 
bility. With respect to the rudder effect, the "relative 
turn damping" is defined by 

6 ' = 1— = 1 + -22 (24) 

c'n s y s l s ! c' , n g F' s V ■,. • 

and the "relative directional stability" by 

c'm. ? o + c'n s *sh _ °'*s 0 ? * 

° = o' ns F s l s - 1 + c' ng F s l s (25) 

The relative turn damping cannot be greatly influenced by 
structural means. For the most part it has an order of 
magnitude of 1.2 to 1.4. The relative directional stability 
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on the .-contrary , is very sensitive to structural measures, 
such as the arrangment of the wheels, floats, length of en- 
gine nacelles, height and shape of fuselage and, above all, 
the location of the center of gravity of "the airplane with 
respect to the length of the fuselage. The influence of 
tile -wing is relatively small. An inherently unstable fuse- 
lage effect in the directional stability (CJ.-<i) is found 
to.""be favorable for the lateral stability. ■■ The size of -the 
vertical .tail surfaces should be sufficient for directional 
stability and lateral . control , but, for reasons of safety, 
should not be excessive. A great length of tail is advan- 
tageous for the static lateral stability, only when the un- 
stable ef'f'ect - of the fuselage on the directional stability 
is relatively small ( O > 6/2) or when, with an increase 
in the length of the tail, the directional stability can be 
maintained with a reduction. in the area of the vertical tail 
surfaces, a constant location of the center of gravity and 



an unchanged shape of the front part 
assumed! 



of the fuselage being 



•The moment s . about the longitudinal axis" of the airplane 
come almost exclusively from the wing. The rolling moment 
in turning should be kept as small as possible. The meeting 
of this requirement is facilitated by a-.moderate aspect ra- 
tio of the 'wing. The flattening, of the lif t. di stribution 
toward the wing tips by warping .the wing is -the. most impor- 
tant means for damping the rolling moment in turning. Deci- 
sive for the lateral stability is the static transverse sta- 
bility obtained by a suitable, dihedral of the wing.. By in- 
troducing equations (24) and. (25) , we obtain ' .• ■ 



Sqo hi 



D u • 

b/a.' 



_b_ a 



2 c' 



su 
b/2 



(2'Sa) 



or, as an approximation for the now customary structural 
forms, 



2 b q_ _ 

TT c n T~ o 4 c m ■ 

3 s o k m q, 



v 



bi ^ 

V J 



(25b) 



The qunatity • c|- 



m 



<3o 



takes into- account the influence of a 
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transverse stability., of jbhe whole-; airplane , already pres- 
ent even without the wing dihedrai . This transverse sta- 
bility sometimes reaches quite hia'h values due to the sweep- 
"back of the i wings,, to the height of -the . .vertical tail sur- 
faces and to' other structural cha.racteri sties . 

Iviodel tests "by the" customary six-component method 
lead to conclusions regarding the lateral-stability con- 
ditions, when made, in accprdan^e . w.i.th the .-determining view- 
points. TJ.ri.f qrtunately . t s.uc,h has not .generally "been the-, 
case. It can' easily he accompli shed., ..however , as soon as', 
the requirements .are 'clearly .understood... -At /Least -t-wo . ■ 

'"series of tests are. necessary:. . tests- with the-. complete ■ 
3'odel and t es.ts . wi th.out . the . ver.ti cal rbail f surfaces.- Hor'e- 

*6ye.r,. a third .se.ri.es, of. t,e.s.ts : with diff.er.ent .-win-g d-ihe- ■ : 
drals is useful., %xi .ewe. it- is. nec.e s sar-y -to -change, the di- 
hedral adopted in.. the- design qf. -the airplane,;; --.The details 

"r egarding the ' evaluati on ; ..of. such s-ix --component tests are '. 

'given in section V of the .p-revdo/cts .report:.- .In short, the 
condition, according to' vhich the tests enable conclusions 
regarding the .lateral- stability, . can be .expressed by the 

'approximation formula 



m q > c n 



o'm s ~ 8 (c' ms — "m So ) 



(30b) 



If the model is not satisfactory according to the. first 
test results', the ' re qui si te enlargement of the dihedral . 
can be made according to equation (25a) or (25b) . Here the 
quantity _ 



■ : - c 1 

0 , = _JL=«. 



c m s m s 0 

■ ''-<-.'*-'' r. 

obtained from. the tests nmst be introduced for the- rela- 
tive directional stability,, and the measured increase c'^ 
in the rolling ■ moment for the transverse stability c' m 

qo" 

If the results. of model tests' with different dihedrals are 
available, the dihedral needed for the desired degree of 
lateral stability is then easily ascertained. 
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"T.- . -. IV. SUH^RICAL EXAMPLES 

1 ..- Evaluation of the Tests of a Model 
* ••• of a -High- Wing Sport Monoplane 

• .'The; 'original purpose of these model tests, which de- ; 
t ermines 'their systematic performance, is chiefly the so-k 
luti-oni of-: Control -problems for. "all three axes. The most;..:. 
importanVvalues can tie .t.aken for the consideration of -the 
lateral. "s'tabiTity.- 'There are lacking six-component tests; 
wi thou.t' Vertical ta.il . surf ace.s, instead- of 'which, however; 
the .available three-component tests of ■ the ' vert ical tail . • 
surfaces- alone, 'with horizontal tail surfaces and fuselage 
as a "screen", can' be utilized. The likewise lacking roll-f 
ing-.mo.ment- tests-*with different wing dihedral s "mus^t. be r.e^ 
placed -by approximate, calculations. 

The following mean values must be taken directly from 
the model tests. 

With complete model . 

(c' m _) = 0.343, (.c^ m ) = -0.354, (c' a ) = -0,353. 

3 c 

With model having vertical t,ail surfato-es: .. £JL = i.i : 

. . : 3 oc-s 

With'model of ■ -airplane without horizontal tail surfaces: 
c' a -= 4'.35. ' 

The ascending coefficients refer to. angles in circu- 
lar measure. In the representation of the test results, 
the reference point for the moments is the leading edge in 
the middle of the wing. The coefficients Cm^ and c ms 

are based on 3P t; c' m < 0 indicates stability, ... 

The test result s must "first be converted to corre- 
spond to the - e.g. of ■. the'-'airplane" (rearward, position r/t, 
upward position .h/t, -with respect to - t'her reference point 
of the moments), and to .the ■■ sp'an '^6-f She wing. , 

a) Moments about the longitudinal axis. 
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e*m q = C(c'» q ) + Cd q ) |] | 

^ « -0.36, £■ = 0.1323 
t o 

c' = [ 0.343 + 0.353 X 0.35] 0.1328 = 0.0625 




?or comparison the tran sver se-moraent increase for the wing 
alone is estimated on the "basis of the model test. Accord- 
ing to equation (2) of the previous report (reference 1) 



c i = - 

where, ihstea.d of v, the actual dihedral angle (2.5°) 
with respect to a backswep.t portion (estimated at about 
1.5°), i.e. V K 0.07 rad., is introduced. The value 
c ' a» can ^ e d- er * ve ^- from the value c' a of the model 

test according to the formula* 

tt A 



c 



' „ f =■ 



aco * C ' a + TT A 



For c' a = 4.35 and A £ 7.6 we accordingly obtain the value 
c 'aoo f H = 3 « 68 - With ™ 0.5 (approximately rectangu- 

lar ov.tline of the wing halves) we obtain 

( c ' ma ) win§ - = 0.5 X 0.07 = 0.064-4 

This value differs* but little from the previous one ob- 
tained from model tests. Moreover it leads to the conclii- 
sion that the influence of the fuselage, tail and landing 
gear is altogether negligible. 

■■- " —- ' — ' ■ ■ - '■' * - 1 ' TT. — ' ■ 

*'This formula can be derived from' the expressions (accu- 
rately valid for elliptical wings)., for the marginal effect 
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"b) Moments about the vertical axis. 

c *m s = < c, m B > +. (c« q ) f]£ (Stability c' ms >0) 

= 0.035 - 0.047 £ 

According to the - model sketches 

-Si- = 0.0882, Ls -^0.36-: . 
5 s b 



Consequently the ver t i cal- 1 sil- surf ac e effect 
-s~ 



^~Sf~ ^-"F' " " X 0.0882 X 0.-36 = 0.035 



The point of application of the lateral aerodynamic forces 
to the fuselage accordingly -lies directly under the moment 
reference point of the-- ; mddel' test (leading edge in center 
of wing), since, for r/t-= 0 according to the first for- 
mula, c' m = 0.035, i.e., the same as the vertical- tail- 
. Surface effect. ■ • 

"c) Static lateral stability,'' 

According to equation (30b) 



iS. _ 

G V* 8 a c as * s ,i B ^ 



-3 



■ ' ' 9 "<x s ■ 3T - 
c x m depends on r/t. Hence a limiting line c a = 3"kt(r/t) 

can.be determined, separating the "'stable from the unstable 
regions (fig. l) . This line has the equation '"' 

r _ 0.055 _ 8 X 0.055 X 0.35 X 0.0325 _ 0.154 
t ~ 0.047- - ' 0.047 6 ' ■ -'7 * Ca 



It is obvious that the airplane in the practical e.g. re- 
gion (0.35 < r/t < 0.45) is already laterally unstable in 
gliding flight at c a » 0.4. 
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The extension of the lateral stability to higher lift 
coefficients is easily determined, when the Variation in 
the. transverse stability with the dihedral angle' i s known 
from model tests. In the pre sent ' case i • however \ the neces- 
sary change in the dihedral can be determined only by cal- 
culation. The ' goal is reached- in ■• the simplest' way by util- 
izing the linear relation between ' c a and ■ l> (equation 26). 

According to figure 1, the c a limit is known f or . every 

e.g. location for the present dihedral of 2.5 percent. Ac- 
cording to equation (26a) , the theoretical limit c a = 0 

would be reached by the airplane with a change in the dihe- 
dral amounting to 



' (A u) 



- 2 c' 



'. o < ■ • ■• ■ s u 
c ' - 



•:aaj Mb/2 - 
Wi.tti the numerical Value s already use^ above,- we obtain 



. , • v - • - ,2 X 0/G625 . ■ • ■■ 0 

• • A V) 0 = ; ~ - 3.9° 

0 3 . 68 X O.5.. ... 

The" point thus ob.ta.ined for c a ..=. ..0 is common to all eg* 

locations. ' Mgure . 2; represents the relation between the 
stability limits c a .and. -.the dih.edr.al of • the w.ing. for four 
eg, locations. This leads to the conclusion that (e.g.), 
at r/t = 0.4 and' a. dihedral increased to - - 4.8°, lateral 
stability is to be expected up to c a = 0.6. 



2., Evaluation, of the. Tests of a Model 
'.' of a Low-W.ing Training Airplane — 



The available results of model tests ought; to inform 
us regarding the controllability about the three airplane 
axes in various angles of atta,ck. They are of very little 
use for determining the 'lateral . stability , because they 
contain no data regarding tests .without vertical tail sur- 
faces nor with vertical tail surfaces alone, nor regarding 
rolling-moment tests at different wing dihedrals. The 
evaluation therefore depends largely on mathematical- esti- 
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mates,- the test data indicating only the general order of 
magnitude. Despite these limitations, the evaluation af- 
fords us valuable information. 

The model tests yield directly the following mean val- 
ues of the derivatives in arc units: 

(c'a ) ~ 0.14, (c'm s ) = - 0.42 + 0.11 c a 

(c» ) = -. 0.44 + 0.07 c_ 
q d. 

•The quantities ( c 'm s ) 311 ^ ( c 'q) are noticeably af- 
fected by the angle of attack, apparently due to low-wing 
arrangement. The representation, in terms of c is made 

possible by the available results of the three-component 
tests with the wing and with the complete model. The lift 
increase of the wing (A = 8.5) is c' a = 4.45. The meas- 
ured moment coefficients are based on the P t^ . The ref- 
erence point for the moments is the front end of the chord 
in the middle of the wing. c 'm s < 0 denotes stability. 

The mathematical conversion with respect to the e.g. 
of the airplane and the wing span as reference data, ac- 
cording to the formulas given in the previous example, 
yields, for'the moments about the- 1 ongi tudinal axis (with 
li/ti = 0.16, tj/b = 0.14), the value 

c 1 ™ = Co. 14 + (- 0.44 + 0.07. c a ) 0.16] 0.140 
q 

= 0.01 (+ 0.0016 c a ) 

Due to the small wing dihedral (about 1.5°- 0.026 rad.) 
the amount of the rolling-moment increase is very sensi- 
tive to variations in the lateral forces. Comparison with 
the calculated wing effect can therefore yield no criterion 
regarding the accuracy of the calculation. The wing effect, 
according to the formula (see preceding example) 

. « 

i . \ . c 'ao 3 % - ' S u „_ l" c ' a TT A s u 

(c> mq )wxng = — — Va v-- — V 



(-7ith -^i- = 0.45) is 
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(c' m ) wing = -r~ X 0.4-5 X 0.02c = 0.022. 

This value (calculated t7ith respect to b as the refer- 
ence length) approximates the value, of the model test 

t. 

(c'm O-r- = 0.14 X 0.140 « 0.02 
m q b 

which indicates the point of application of the lateral 
force at about the height of the win. 7: chord on the fu- 
selage (high landing gear included). 

The calculation of the moments about the vertical 
axis yields 

°'m = L ^(-0.42 + 0.11 c a ) '+ (-0.44 + 0.07 c a )£] 0.140 
s 

= 0.059 - 0.015 c a - (0.0S2 -. 0.010 c a ) J. 

These numbers indicate an exceptionally great directional 
stability. They show that neutral equilibrium (c'jng = 0) 

is obtained at the rearward e.g. locations 

r _ 0. 059 - 0.15 c a 
t ~ 57 OS. 2 - 0.10 c a 



and indeed for 



c a = 0.2 0.4 0.6 0,3 
at ^ * 0.93 0.91 0.89 O.R 7 

The share of the vertical tail planes in the directional 
stability con, for lach of test datp, be estimated only 
from other similar tests. It is approximately 

tl M 1.5 X 0.05 X 0.32 = 0.024 

3 a s ? b 



On deducting' this value from the measured directional sta- 
bility, it is found that the airplane without vertical 
tail snrf aces is in neutral equilibrium at the rearward 
e.g. location 
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r 0.035 - 0.15 c a 



t 0.062 - 0.10 c 



a 



?b"r. .. c a = 0.4 this leads to r/t = 0.5 as the location 
of "the center of pressure of the lateral force on the fu- 
selage (short engine nacelle, great height of rear portion 
of fuselage) . Accordingly the airplane without vertical 
tail surfaces is probably quite stable inherently with the 
e.g. locations (r/t = 0.34 to 0.40) occurring in prac- 
tice. Its "relative directional stability 1 ' (equation 25) 
i s 

O = °' 059 ~ 0-015 c a 0.062 - 0.010 c a r 
0.024 0.024 * 

= (2.46 - 0.63 c a ) - (2.58 - 0.42 c a ) £ 

;3"or c a = 0.4 and r/t = 0.37 (by way of example) a « 

1.32, which is very unfavorable for obtaining static lat- 
eral stability. 

The limit of the static lateral stability is again 
determined by the formula . 



c' ms = 8 3 c a« ' 



- c * s l± /is V 

a, F Vb J 



7ith the preceding numerical values we have, as the equa- 
tion of the limiting curve r/t = f (c a ) , 



'a' 

0.01 + 0.0016 c a 



0.059 - 0.015 c a - (0.062 - 0.010 c a ) £ 8 0.024 X 0.32 

• - *b 

r _ 0.059 - 0.015 c a 0.000614 + 0.0001 c a 



t 0.052 - 0.010 c a (0.062 - 0.010 c a ) c fi 

Comparison of this limiting curve (fi°:. 3) with the 
corresponding curve of the first example (fig. l) shows 
that, on this airplane with practically perfect -lateral 
stability, increasing the dihedral can have no great ef- 
fect. Corresponding to the data used for figure. 2,' the 
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quantity (A ^) 0 is about -0.7°,' and the c a limit for the 
existing dihedral is about 0.02 for all e.g. locations ac- 
.c.ord-dng: to f'igur-e 3. The thus-deteriained jet, for the ef- 
f %'c&c~y.; bf. ! changes in- the dihedral, flows so smoothly that, 
for practical rea-s'ons, the necessary dihedral angles are 
no longer feasible. 

■■:.It- is: quite profitable to follow this example mathe- 
matically, although it is not very sati sf actory in its nu- 
meric?! bases'" and although the results are valid only in 
their general order of magnitude. It combines all the con- 
ditions which, are unfavorable to the attainment of static 
lateral stability, namely: low position of wing with small 
dihedral angle (no. transverse stability), short engine na- 
celle r el at ively high rear portion of fuselage (inherent- 
ly stable fuselage) , and relatively short tail in compari- 
son with the wins: s'oan (l a /b « 0.32) . Practi cal eroerience 
in cruising and in flat gliding with this airplane type dem- 
onstrates the qualitative correctness of the calculated re- 
sults. !Teverthele : ss : the lateral instability is not dis- 
agreeable, so long' as the pilot is sure of his position with 
respect to the horizon and can immediately correct every 
deviation,- either consciously or unconsciously, by the ha- 
bitual small motions of the controls. 

3. 'Stability Investigation of an Airplane 
- ■■ " •• of., the Customary' Size' and Design 

a) Preliminary Remarks 

While, in the two preceding examples, a. few available 
dat a. • from -model . t e sts were used to determine the static 
lateral stability of the airplane type under investigation, 
an example will now be calculated for checking .all, even 
the dynamic,, limiting 'Conditions .o'f the : lateral stability. 
As the basis for this, numerical values are adopted, which, 
according to structural calculations and model, t ests for 
conventional airplane types, may be regarded as mean values, 
but of course cannot be generalized . 

The Gills'- value' which directly expresses the absolute 
size of the airplane is. .the span. . Aside f rom--th-is , "the 
'6nly""cr"i't er i on is the wing loading, while all other data 
are nondimen sional ratios or coefficients. The significance 
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of this fact for the stability conditions was discussed at 
the end of section II. The calculations are thus greatly- 
simplified. A further slight facilitation might "be effect- 
ed by eliminating the time scale (T ~) , since this does 
not affect the stability conditions. This will be retained, 
however, in the following calculations. 



b) Time Factors and Stability Limits for c a = 0.7 

The numerical calculations are based on the following 
characteristic values of the airplane 

b = 20 m, b/t m = A = 8, G/F = 60 kg/ms, 

(v e =, 31 . 0 m/s) , 

b ~ 9* b ~ 7' b U * 4 ' 
c w = 0.07 (for c a = 0,7), cos <? 0 » 1, (sin <p 0 wO), 

P = 0.96, 
H o 



c'a*, % = 3.75, c' (t) = -0.4; = 0.47, = 0.30, 

c dgo = 0..004, c'jjg = 2.0, c' qo = -0.6, c' mqo = 0.01, 

c 'm So = -0.01 - 0.6 r/b = -0.01 - 0.075 r/t m . 
(All coefficient gradients are in circular measure.) 

The "relative density" of the airplane is accordingly 

G 60 _ nrt 
— . , =510 

g P J b/2 9 -81 X 0.120 X 10 ' 
the time scale* 



(T_1) = 3TTb" A / 0T7 x °- 96 = °- 370 S " X 



* See footnote on next page. 
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Prom this the following time factors faith Jg/P S f s ) 
are calculated: 

2(JL = 0.259, . 

z T = 0.248 + 0.74 f s , 

l T ■= -0.342 - 2.57 r/t m + 27.4 f s , 

l w = 0..073 + 5.80-f s , 

y 

l w = -0.5, 

k T = 0.57 + 49.8 V, 

k Wy . = 3.15, 

feaij,. = 9.36. 

The coefficients of the principal equations are 

3 = 9.68 + 6.54 f s ,. .. • . 

■0 = 4.57 - 2.58. ~- + ,'90.2 f s , 

"t m - 

D = -2.1 - 24.1 ~- + 272 f s + 40.2 f S S " + 42.8 V, 



* In order to avoid misunderstandings in comparing with pre- 
vious works, especially with the' numerical example of 
Juchs and von Baranoff- (reference 3), attention is here 
called to the fact that the time scale used by Fuchs and 
Hopf is otherwise defined . 



/ v - 4. j * g /cos cp Q p~~ N 
/ — instead of — / — — A 

• ^ b v e V , ca Po J 



and therefore differs, even in the- order of magnitude, 
from that here chosen (1.89 s~i instead of 0.37 s~i). The 
time scale of Fuchs and Hopf is not only a function of the 
wing loading, initial condition and air density, but also 
of the absolute airplane size (wing span). It is equal to 
the scale T-V multiplied by the relative density of the 
airplane . ■'' 
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S =( Oi. 25$\ ,£j (Ov0114 -j+ .#)> ::('3 .-6. ■+ 289 -f-^): 



s' 

r 



- (-1.07 - 8.1 ~ + 8 6.4 f J I 

m >. ■ • -, 

- |(-2.84 - 24.1 |- + 257 f g ) + 29.9 1?| tan <*> q . 

The fulfillment of the condition that, in stability, 
all coefficients must be positive, depends, with a given 
c a , on three variables: r/t m , f s , and u(fig.. 4). 

3 > 0 and C > 0 are always fulfilled, since f e must al 
ways be greater than 0. D > 0 is fulfilled .when 

13 ^ 0.049 + 0.563 - 6.35 f _ 0..940 f-_ S . 

This limit is practically rectilinear, since, for all tech 
nically possible values of f s , the siimmand : 6 . 94 f s 2 <§ 
5.35 f s . E > 0 is fulfilled when, for the most important 
special case, horizontal flight, the relation' 

- I- 08 - 3.10 86.4 f s _ 0<01T4 . , .. 
3.6 + 289 f. 



is fulfilled. This condition is decisive for the dihedral 

E = BCD - D 3 - 3 2 E w 3 (CD - BE) > 0 yie'lds a further 

limiting relation between v and f s . In horiztonal flight 
this must -be r r 2 

> 12.4 '+,125 .1 ^ '- 62".2(^ - ■ 

v = ~ — — — : 

..18.7.- 110.4 r 2 - + 3129 f 490 f ■ 2 '. 

*i m . ■ 

. -(1250 - 2890 ~)f s - 24770 f g 2 - 3630 f s 3 

137 - 110.4 r— + 3129 f ■ - 490 f_ 3 
. . rm - s s 

This limit (similar to D = 0) shows a practically perfect 
rectilinear course.' ' It represents -a very flat arc of the 
exact limit . H: =' BCD- - D 2 - B 2 E - -0 , which 'continues simi 
1'arl'y to a hyperbola far- beyond "the practical 1-y possible . 
region (f.i'g.-5) * ■' ' ± ■ : ; 

The- "inclination 1 of 'tire 'two^'l-i-mi-'t'i'ng line-s D = 0 and 
R = 0 is approximately determined by the relations 
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^4 fpr -D ■ - " 0 : 



where ^ T ■ is a linear fimctlon of f s • and where kr is 
a linear function of v. The sign of the numerical value of 
(almost always negative) is decisive. Furthermore, it 

is apparent that the. limit. J) .=' 0. of. -the stable region is ■■ 
always "beyond the limit R = 0. and i s therefore, without 
practical importance.. Since . R = 0 for D = 0 and- 13 = -0., 
these three limiting lines mii'st . intersect .one another at' 
the same point*. .' ' * . 

The dynamically stable region is- accordingly included 
between the limiting lines E = 0 and ' R = 0. It is wor- 
thy of note that dynamic lateral stability is possible, 
even with static directional instability', and also with a 
slight transverse instability. The main reason for this, 
as already metioned, is-- the - 'generally 'negative roll-yawing 
moment l w . This stability region, however, is not util- 
izable in x flight, since it expresses itself, when inclined, 
in reeling vibrations -(stable at f i r st • but only ' si i.ghtly 
damped), a s described 'by . Qeh.1 en (reference 4) and in my pre- 
vious report (reference l)-. -' The ^condition of static direc-r 
.tional stability W ^ 0 ; ' is the practically' simplest and al- 
ways .suffi cient stability . limit in place" 'of R = 0;; It "is 
independent of u and therefore represents a parallel to the 
P-axis with the abscissa 

, ■ f s = 0.0125 + 0.094 £ . ' ' 

All technically, important considerations are hereby limited 
between static directional indifference and s.tatic lateral 
indifference. 

The effect" of the inclination of the flight path on 
the static lateral stability can here be represented only 
on the express assumption tha.t the stability conditions 
are not seriously affected by the propeller slipstream. A 
gliding f lights. (cPq = arctan' c w /c a )' with zero propeller 
thrust can, of. course, not be directly compared with a hor- 
izontal lfi,gh.t. . (,cp 0 = 0- with like- c a ) - with propeller 

♦Figure :1 ■ in R> & M? 1077 (Garner ; """Lateral Stability ...") 
is in this respect open to objection, even as a rough ap- 
proximation . 
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thrust equal to the drag, without investigating the vari- 
ations in the influence o-f. 'the- ' sl'i.p.stream..between these 
two operating conditions. 'The mo-st important effect is to 
be expected on the directional stability, since the verti- 
cal tail surfaces are mostly? i-n^the^- slipstream. Exhaustive 
tests have not yet been made, however. Occasional tests 
show no consistent behavior .... -The, .addition or subtraction 
of the directional stability ..in powered flight, as compared 
wiijh gliding flight-, seems. ; to be . independent of the design 
of the airplane. 

Hotwithstanding"thi s"'uncertainty , the limit of the • - 
static lateral stability in- gliding flight is represented 
with zero propeller ' thrust , in ' order to show at least the- 
order of magnitude of the effect of the inclination of the 
flight path. Hereby it is. assumed that the disappearance 
of the slipstream influence is negligible. TCith = 0.07 

a * • c a 7 s i.e. tan cp 0 = -0.1 or <p Q rj -6°, the equation 

of the limit E = 0 reads *.' 

r 

-0.B37 - 5.7 - + 57.4 f s 

V = ■ : 

6.S + 389 f g 

■The consequent r.equisite dihedrals are considerably smaller 
.than in hori zont-al. .flight (fig. 4). It is therefore to be 
■expected that ah ai.rplane which has only slight lateral 
stability in- hor?. zont al flight, will (with the same lift co- 
efficient) show a noticeable increase in stati c. lateral sta- 
bility in gliding flight. 

c) Lateral Stability in Terms of the Lift Coefficient c a - 

Lateral disturbing motions in straightaway flight with 
different initia.1 conditions (c a ) are di str ingui shed at 
first cry t'heir dying away yith time, which is designated by 
the time scale (T -1 ~ c a ~"2") in terms of -c a . As already 

mentioned, this variation has no effect on the stability 
conditions. 

Beyond, this, however, the time factors z^ and 

are linearly dependent on c„ . The intermediate variabili- 
ty of the other time factors, whose aerodynamic coefficents 
according to model tests are sometimes slightly dependent 
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on c a , is generally of subordinate importance in the' mid- 
dle c a region (up to c a w 0.8) and ma^y here he disregard- 
ed. The stability condition 3 > 0 is scarcely affected 
in the -normal region "by variations in c a . The condition 

0. :> 0 must never be endangered, since, due to l w % 0, 

"the summand -k Wv ~ 0 must be regarded. The same re- 

sult is reached'' by corresponding considerations regarding 
D > 0 and R" > 0. 

On the other hand the condition E > 0 of the static 
lateral stability is greatly influenced by changes in the 
initial magnitude of c & . If the function 

/ 3.15 \ 

= 4.50 c a (^= — c a ; 

introduced instead of the value = 3.15, which is valid 

' v 
for c = 0.7, the equation for the' limiting lines "3=0 

EL 

then reads: 

-1.54 - 11.56 ~ + 123.5 f g 

v z c a - 0.0114. 

3.8 + 239 f g 

In figure 6, c a is introduced into the expression u (fg) 

as a parameter with the same e.g. location r/t = 0.35, 
?or other e.g. locations, the corresponding groups of lines 
follow exactly the same course as the original displacement 
.shown in figure 4. 

Moreover , the limit E = 0 can be variously expressed 
in the form 

(0.0114 + V) (3.6 + 289 f s ) - 

- (-1.54 - 11.55 £ + 123.5 f s ) c a = 0 

according to thechoice of the parameter and axes (from the 
four variables x>, f s > r/t, c a ) , so that data can be ob- 
tained in a predetermined direction. 

Of the six possible methods of presentation (aside 
from the likewise corresponding figure 6) only the two most 
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important ones will be considered. 

In fibres 7a to 7c three sizes of the vertical tail 
surfaces. (o'g/F) and three dihedral angles (v) are taken 
as .parameters. The curves show up to what initial condi- 
tions (c a ) , dependent on the rearward location of the eg 
(r/t), static lateral stability is to be expected. This 
manner .of presenting the problem is the only one. open for 
a fixec 3 airplane form. ' Its graphic representation corre- 
sponds to the results of the two preceding examples accord- 
iag to the results of the model tests (figs. 1 and 3). 

Figure s'"' 8 a to 8c show, for three sizes (Pg/?) .of the 
vertical tail surfaces and three e.g. locations (r/t), up 
to what initial conditions (c a ) , dependent on the dihedral 
angle (v) , static lateral stability is present. This 
graph corresponds to the first numerical example (fig. 2) . 

Figures 6 to 8 sho^ that, in the present case, it is 
Possible, without unusual measures, to attain lateral sta- 
bility within the region of normal lift. 



7 . SULiMAHY 

The SVL Report 272 on lateral stability (in addition 
to the formal discussion of the problem) explained the., 
technical significance of ''the theoretical results and gave 
general suggestions for their practical evaluation in air- 
plane design. In the sections I and II of this supplement- 
ary report a few additional data are introduced which are 
of importance for the mathematical application of the the- 
ory. In section III the previous technical results are a- 
;ain briefly summarized. 

Section IV of this report contains three mathematical 
examples, t^o of which are evaluations of av a,i £a-.b'l e • mo'del- 
test results and one a carefully elaborated numerical ex- 
ample. The evaluations are intended to show the minimum 
data necessary for a rough calculation of the lateral sta- 
bility and how far incomplete data can be supplemented-. .by 
additional estimations. The numerical example shows that,, 
in addition to the static directiona.1 stability, only the, 
static lateral stability of the airplane needs to be de- 
termined. This is affected, among other things, by the 
size of the vertical tail surfaces, the dihedral angle of 
the wing, by the rearward location of the e.g. and by the 
flight ' condition (c a ) . The nature of these relations is 
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clarified "by a series of graphs with various arrangements 
of parameters and axis variables. 

The results show that, with a skillful utilization of 
all the possibilities in designing, lateral stability can 
always be attained insofar as considered necessary for the 
purpose of the airplane. 



Translation by Dwight M. Miner, 
National Advisory Committee 
for Aeronautics. 
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Pigs. 1,2,3 




figure 1. (example 1) .-Limit 
of static lateral 
stability with given dihe- 
dral, in terms of e.g. lo- 
cation (r/t) and initial 
condition (c a ) . 
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Figure 2. (example 1) .-Limits 

of static lateral 
stability for three e.g. lo- 
cations (r/ 1) , in terras of 
the dihedral ( ujand initial 
condition (c a ) . 



Unstable 



Figure 3. (example 2) .-Limit 

of static lateral 
stability T/ith given form of 
cellule, in terms of e.g. 
location (r/t) and initial 
condition (c a ) . 
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Figure 4. (example 3) .-Limits of dynamic lateral stability with given 

initial condition (c a )for three e.g. locations 
(r/t) , in terms of size of vertical tail surfaces (Fg/j 1 ) and dihedral 
(p>. 
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Figs. 5,6 




Figure 5. (example 3) .-Theoretical limits of dynamic lateral stability. 

This figure shows in particular the course of the 
limit R = 0 (above v. 25° in rough approximation) and location of 
practical region. Jig. 4c was taken from this. 




Figure 6. (example ?).-Li:nits of static lateral stability with given e.g. 

location (r/t) for three initial conditions (c a ) , 
in terms of size of vertical tail surfaces 0P s /jP) and dihedral (u) . 
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Figure 7. (example 3) .-Limits of static 

lateral stability 
f or three dihedral angles (v ) and three 
vertical- tail- surface areas (?J?) , in 
terms of e.g. location and initial 
condition. 
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figure 8. (example 3) .-Limits 

of 

static lateral stability for 
three e.g. locations (r/t) 
and three vertical- tail- 
surface areas (Jg/P) ,in 
terms of dihedral ( y) and 
initial condition (c a ) , 
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